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Abstract. We go further on the study of harmonicity for almost contact metric structures 
already initiated by Vergara-Diaz and Wood. By using the intrinsic torsion, we characterise 
harmonic almost contact metric structures in several equivalent ways and show conditions 
relating harmonicity and classes of almost contact metric structures. Additionally, we study 
the harmonicity of such structures as a map into the quotient bundle of the oriented orthonor- 
mal frames by the action of the structural group I7(n) x 1. Finally, by using a Bochner type 
formula proved by Bor and Hernandez Lamoneda, we display some examples which give the 
absolute minimum for the energy. 
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1. Introduction 

For an oriented Riemannian manifold M of dimension n, given a Lie subgroup G of SO{n), 
M is said to be equipped with a G-structure, if there exists a subbundle S{M) of the oriented 
orthonormal frame bundle SO(M) with structural group G. For a fixed G, a natural question 
arises, 'which are the best G-structures on M?'. An approach to answer this question is based 
on the notion of the energy of a G-structure which is a particular case of the energy of a 
map between Riemannian manifolds. Such a functional has been widely studied by diverse 
authors [6,7,18]. The corresponding critical points are called harmonic maps and have been 
characterised by Eells and Sampson [8]. 
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For principal G-bundles Q ^ M over a Riemannian manifold, Wood in [24] considers global 
sections a : M ^ Q/H of the quotient bundle tt : Q/H M , where -ff is a Lie subgroup of 
G such that G/ H is reductive. Such global sections are in one-to-one correspondence with the 
-ff-reductions of the G-bundle Q ^ M . Likewise, a connection on Q — > M and a G-invariant 
metric on G/H are fixed. Thus, Q/H can be equipped in a natural way with a metric defined 
by using the metrics on M and G/H . In such conditions. Wood regards harmonic sections as 
generalisations of harmonic maps from M into Q/ deriving the corresponding characterising 
conditions, called harmonic sections equations. 

The situation described in the previous paragraph arises when the Riemannian manifold 
M is equipped with some additional geometric structure, viewed as reduction of the structure 
group of the tangent bundle. Thus, in [10] it is considered the particular situation for G- 
structures defined on an oriented Riemannian manifold M of dimension n, where G is a closed 
and connected subgroup of SO{n). Since the existence of a G-structure on M is equivalent 
to the existence of a global section o" : M — > SO (M)/G of the quotient bundle, the energy 
of a G-structure is defined as the energy of the corresponding map a. If denotes the 
intrinsic torsion of the G-structure, such an energy functional is essentially determined by the 
total bending given by B{a) = ^ J^^ du. As a consequence, the notion of harmonic G- 

structure, introduced by Wood in [24], is given in terms of the intrinsic torsion. This analysis 
makes possible to go further in the study of relations between harmonicity and classes of 
G-structures. Thus, the study of harmonic almost Hermitian structures initiated in [23,24] is 
completed in [10] with additional results. 

Our purpose in the present work is going on the study of harmonicity for almost contact 
metric structures initiated by Vergara-Diaz and Wood in [21]. Almost contact metric struc- 
tures can be seen as (7(n)-structures defined on Riemannian manifolds of dimension 2n + 1. 

After characterising harmonic almost contact metric structures in several equivalent ways 
(Theorem 14. ip . we show conditions relating harmonicity and Chinea and Gonzalez-Davila's 
classes [5] of almost contact metric structures. This is exposed in Theorem 14.31 Finally, the 
harmonicity of an almost contact metric structure as a map into SO (M)/(U"(n) x 1) is studied 
in Theorem 14.81 

As a relevant remark, we point out the role played by the identities given in Lemmas 14.51 
and 14. 6[ They are consequences of the trivial identity d^F = 0, where F is the fundamental 
two-form of the almost contact metric structure (see Section [3l). Such identities are deduced 
by firstly expressing (fiP in terms of the intrinsic torsion and the minimal connection, and 
then extracting certain [7(n)-components. An analog identity for almost Hermitian structures 
was deduced in [17]. In the proofs of Theorems 14.31 and 14.81 the use of these identities beside 
the harmonicity criteria is fundamental. 

In the final part of this work, we apply the simple and elegant argument used by Bor et 
al. in [4] to almost Hermitian structures, here to almost contact metric structures. Thus, by 
making use of a Bochner type formula proved in [3] (see the equation (|5.ip below), we show 
that in some situations there is an absolute minimum. This and other results are applied 
in the last Section, where we display several examples. In particular, some of them give the 
absolute minimum for the energy. 
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2. Preliminaries 

On an n-dimensional oriented Riemannian manifold (M, (•, •)), we consider the principal 
S'0(n)-bundle T^soin) '■ SO(M) — M of the oriented orthonormal frames with respect to the 
metric (•, •). Given a closed and connected subgroup G of SO{n), a G-structure on (M, (•, •)) 
is a reduction S{M) C §0(M) to G. In the present Section we briefly recall some notions 
relative to G-structures (see [10,24] for more details). 

Let §0{M)/G be the orbit space under the action of G on SO(M) on the right as subgroup 
of SO{n). Then the G-orbit map ttq '■ §0(M) §0{M)/G is a principal G-bundle and 
we have nso{n) = ttottg, where tt : §0{M)/G ^ M is a fibre bundle with fibre SO{n)/G, 
which is naturally isomorphic to the associated bundle SO(M) Xso{n) SO{n)/G. The map 
a : M ^ SO(M)/G given by cr(m) = TTcip), for allp G S(M) with T^so(n){p) = m-, is a smooth 
section and determines a one-to-one correspondence between the totally of G-structures and 
the manifold r°°(SO(M)/G) of all global sections of SO(M)/G. In what sequel, we shall also 
denote by a the G-structure determined by the section a. 

The presence of a reduced subbundle S(Af) yields to express the bundle of endomor- 
phisms End(TM) on the fibers in the tangent bundle TM as the associated vector bun- 
dle g(M) Xg End(M"). We restrict our attention on the subbundle so(M) of End(TM) of 
skew-symmetric endomorphisms ipm, for all m G M, i.e. {ipmX,Y) = —{ipmY,X). Note 
that this subbundle so(M) is expressed as so{M) = SO(M) Xso(n) so(n) = S(M) XGSo(n). 
Furthermore, because so(n) is decomposed into the G-modules g, the Lie algebra of G, and 
the orthogonal complement m on so(n) with respect to the inner product (■,•) given by 
{X,Y) = —trace XY, the bundle so{M) is also decomposed into so{M) = g^r^^a, where 

= g(M) Xg and = g(M) x^ m. 

Under the conditions above fixed, if M is equipped with a G-structure, then there exists a G- 
connection V defined on M. Doing the difference = Vx — Vx, where Vx is the Levi-Civita 
connection of (•,•), a tensor ^x & so(M) is obtained. Decomposing ^x = {^x)s^ + iCx)maj 
{Cx)g^ G So- fi'iid (^x)mCT £ tUct, a ncw G-connection V*^, defined by = Vx — {^x)^^, can be 
considered. Because the difference between two G-connections must be in q^, V*^ is the unique 
G-connection on M such that its torsion satisfies the condition = (^x)ma = ^x ~ 
in VXcr. V*^ is called the minimal connection and ^'^ is referred to as the intrinsic torsion of 
the G-structure a [9]. If = 0, the G-structure is said to be integrable. In such a case, the 
Riemannian holonomy group of M is contained in G. 

Remark 2.1. A natural way of classifying G-structures arises by decomposing the space 
W = T*M(8) trier of possible intrinsic torsion into irreducible G-modules. This was initiated by 
Gray and Hervella [14] for almost Hermitian structures. In this particular case, G = U{n) and 
the space W is decomposed into four irreducible U'(n)-modules. Therefore, 2^ = 16 classes of 
almost Hermitian structures were obtained. 

Along the present paper, we will consider the natural extension of the metric (•, •) to (r, s)- 
tensors on M. Such an extension is defined by 

(2.1) 

where the summation convention is used and ^'V '*/ and $7 " l^ are the components of the 
(r, s)-tensors $ G T^^M, with respect to an orthonormal frame over m G M. Likewise, we 
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will make reiterated use of the musical isomorphisms b : TM — > T*M and f! : T*M — > TM, 
induced by the metric (•, •) on M, defined respectively by = {X, •) and {6^, •) = 9. 

If uj is the connection one-form associated to V, then T§0(M) = ker7rso(n)* ® kerw. 
Now considering the projection ttq: S0(M) ^ SO(M)/G, the tangent bundle of SO(M)/G 
is decomposed into TSO(M)/G = V(B'K, where V = -KG^iker TrgQi^n)*) and !K = 7rG=K(ker oj). 
For the projection vr : SO (M)/G — > M, nijpG) = '/rsQ(„-)(p), the vertical and horizontal 
distributions V and !K are such that tt^kV = and 7r^<J{ = TM. 

Moreover, it is considered the bundle 7r*so(M) on SO(M)/G consisting of those pairs 
{pG,(prn), where '^{pG) = m and (fm G 5o{M)m- Alternatively, 7r*so(M) is described as the 
bundle 7r*5o(M) = §0(M) XGSo(n) = S§o(m) ©Tnso{M), where flso(M) = SO(M) Xq 9 and 
ITISO(M) = SO(M) xg m. A metric on each fiber of 7r*so(M) is defined by 

{{pG,(prn),ipG,1pm)) = (<^m,'0m), 

where (•, •) in the right side is the extension to (1, l)-tensors of the metric on M given by (|2.ip . 
With respect to this metric, the decomposition 7r*5o(M) = £I§o(m) ffiTnso(M) is orthogonal. 

There is a canonical isomorphism between V and the bundle Tnso(M)- In fact, elements in 
mso(M) can be seen as pairs {pG, (fm) such that if (fm is expressed with respect to p, then it 
is obtained a matrix (uji) € m. For all a G m, we have the fundamental vector field a* on 
SO(M) given by 

flp = 4, _ P-expta € ker7rso(n)*p ^ Tp§0(M). 

Any vector in Vpc is given by ■KG*p{a*), for some a = (aji) G m. The isomorphism (j)\Vpc '■ "^pG — 
{y^$o{M))pG defined by 

4>\Vj,G^-^G*p{al)) = {pG,ajip{uif (Sip{uj)). 

Next it is extended the map (/)|v : — > itiso(a/) to cp '■ TSO(M)/G itiso(a/) by saying that 
(j){A) = 0, for all A e ^K, and 4>{V) = (p\v{V), for all V eV. This is used to define a metric 
(•,-)so(A/)/G on §0(M)/Gby 

{A,B)soiM)/G = {t^*A,7t,B) + {<P{A),cP{B)). (2.2) 

For this metric, the projection vr : SO(M)/G — > M is a Riemannian submersion with totally 
geodesic fibres (see [22] and [1, page 249]). 

Now, it is considered the set of all possible G-structures on a closed and oriented Riemann- 
ian manifold M which are compatible with the metric (•,■). Such a set is identified with the 
manifold r~ (SO (M)/G') of all possible global sections a : M ^ §(D{M)/G. With respect to 
the metrics (•, •) and (•, •)§o{M)/Gj the energy of a is the integral 

= 11 \W*fdv, (2.3) 

where ||(7*|p is the norm of the differential (t=k of a and dv denotes the volume form on 
(M, (•, •)). On the domain of a local orthonormal frame field {ei, . . . ,e„} on M, ||ct=k|P can 
be locally expressed as ||cj*p = (o"*ei, o"*ei)so(M)/G- Furthermore, using (|2.2p . from (12. 3p it 
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is obtained that tlie energy £(cj) of a is given by 

£(a) = 5vol(M) + i / W^a.fdv. 

The relevant part of this formula -B(cr) = ^ Jm ||0ci"*P<^'f^ is called the total bending of the 
G-structure a. In [10], it was shown that (l)a^ = — Therefore, 

B{.a) = \j Wefdv. 

^ JM 

To study critical points of the functional £ on r°°(SO(M)/G), smooth variations at € 
r°°(80(M)/G) of (7 = (To are considered. The corresponding variation fields m ip{m) = 
^|j=o'^*("^) ^'■^ sections of the induced bundle a*V on M. Furthermore, by using 4>, we 
will have 0prf(7*'V ^ (T*m§o(M) = m^. Thus, the tangent space T(,r°°(§0 (M)/G) is firstly 
identified with the space r°°(cr*V) of global sections of a*V [18]. A second identification is 
r°°(a*V) ^ r~(m^) as global sections of m^. 

In following results, we will consider the coderivative d*^^ of the intrinsic torsion which 
is given by 

where {ei, . . . ,6^} is any orthonormal frame on m G M. Therefore, d*^*^ is a global section 
of trio-. 

Theorem 2.2 ( [10]). // G is a closed and connected subgroup of SO{n), (M, (•,•)) a closed 
and oriented Riemannian manifold and a a global section of §0{M)/G, then: 

(i) {The first variation formula). For the energy functional £ : r°°(SO(Af)/G) M and 
for all (fi e r°°(m^) ^ T<,r°°(SO(M)/G), we have 

dt„{ip) = -f {e,Vip)dv = -[ {d*e,ip)dv. 

JM JM 

(ii) {The second variation formula). The Hessian form (Hess E)a- on T°°{ma) is given by 
(Hess£W = / (llVv^f -i||[e^,<^],n.f + (V¥.,2[e«,<p]-[e«,<^]„J)d^. 

JM 

As a consequence of this Theorem the following notion is introduced: for general Riemann- 
ian manifolds (M, (•, •)) not necessarily closed and oriented, a G-structure a is said to be 
harmonic, if it satisfies d*^'^ = or, equivalently, (V^^)e = —^9g ■ 

Given a G-structure a on a closed Riemannian manifold (M, (•, •)), the map a : {M, {•, ■)) i— >■ 
(SO(M)/G, (•, •)so(m)/g) is harmonic, i.e. cr is a critical point for the energy functional on 
e°°(M, SO (M)/G) ifand only if its tension /ieWr (a) = (VejO-*) (e^) vanishes [18]. Here, Va* is 
defined by (Vxc*) {Y) = cr*y — (T*(Vx^), where denotes the induced connection by 
the Levi-Civita connection V'^ of the metric in SO(M)/G. According with [10,24], harmonic 
sections a are characterised by the vanishing of the vertical component of r(cj) and the 
horizontal component of T{a) is determined by the horizontal lift of the vector field metrically 
equivalent to the one- form Va, defined by 

MX) = {^^^,Re„x). (2.4) 
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Hence, the map a : (M, (•, •)) i— > (§0(M)/G, (•, ■)$o{M)/g) turns out to be a harmonic map if 
and only if a is a harmonic G-structure such that vanishes for all vectors. 

If i?x,y nv = 0, the G-structure a is referred to as aflat G-structure. The intrinsic torsion of 
a flat G-structure has not contributions in the G-components of R orthogonal to S'^q„. Thus, 
R is in the space of algebraic curvature tensors for manifolds with an integrable G-structure. 

Relevant types of diverse G-structures are characterised by saying that their intrinsic torsion 
^'^ is metrically equivalent to a skew-symmetric three-form, that is, ~ ~^y-^- Now we 
will recall some facts satisfied by such G-structures. 

Proposition 2.3 ( [10]). For a G-structure a such that S^^^ = ~^y-^ > '^^ have: 

(i) C 0^, for aUX,Y G X{M), then {Rx,Ym^X,Y) = 2{^<^Y,^^Y). Therefore, 
a is integrable if and only if a is flat. 

(ii) If cr is a harmonic G-structure, then a is also a harmonic map. 

In SectionlH we will study harmonicity of almost contact metric structures. Such structures 
are examples of G-structures defined by means of one or several (r, s)-tensor fields \I' which 
are stabilised under the action of G, i.e. (7 • \I' = for all g £ G. Moreover, it will be possible 
characterise the harmonicity of such G-structures by conditions given in terms of those tensors 
^. The connection Laplacian (or rough Laplacian) V*V^' will play a relevant role in such 
conditions. We recall that 

V*V^' = - (V^'f ) 

where {ei,...,e„} is an orthonormal frame field and (V^^')x,y = Vx(Vy^) — Vv^^y^. 
If a Riemannian manifold (M, (•,•)) of dimension n is equipped by a G-structure, where 
G C SO(n) is closed and connected, and \I' is a (r, s)-tensor field on M which is stabilised 
under the action of G, then 

V*V^ = (VgC^)^^ ^ + - CfM"^). (2.5) 

Moreover, if the G-structure is harmonic, V*V^' = — ^^(C^^)- 

3. Almost contact metric structures 

An almost contact metric manifold is a 2n-|-l-dimensional Riemannian manifold (M, (•, •)) 
equipped with a (1, l)-tensor field ip and a unit vector field (, called the characteristic vector 
field of the structure, such that 

^^ = -I + r,(^C, {^X, (^y) = {X, Y) - viXHY), 

where r] = . Associated with the almost contact metric structure the two-form F = ( •,(/?•), 
called the fundamental two-form, is usually considered. Using F and r/, M can be oriented 
fixing a constant multiple of F" Ar] = FA AF Ar] as volume form. Likewise, the presence 
of an almost contact metric structure is equivalent to say that M is equipped with a U{n) x 1- 
structure. It is well known that U{n) x 1 is a closed and connected subgroup of S0{2n -\- 1) 
and S0{2n + l)/{U{n) x 1) is reductive. In this case, the cotangent space on each point TJ^M 
is not irreducible under the action of the group U{n) x 1. In fact, T*M = ry-*- © Mr/ and 

50(2n + 1)^ A^T*M = A^r]-^ ® r]^ A Rr/. 
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From now on, we will denote X^i_ = X - r]{X)(, for all X G X(M). Since A'^t]-^ = u(n) © 
u(n)j^x, where u(n) (resp., u(n)j^j^) consists of those two-forms b such that b{ipX,ipY) = 
b{X^±,Yf^±) (resp., b{ifX,{pY) = — 6(X^±, y^±)), we have 

so(2n + 1) = u(n) © u(n)-^, with u(n)-^ = u(n)j^x © r/"^ A Mr?. 

Therefore, for the space T*M u(n)-'- of possible intrinsic U{n) x 1-torsions, we obtain 

T*M ® u(n)-^ = (r?-^ (g) u(n)j^x) © (?? u(n)j^_L) © (v^ ® r]^ A rj) ® {t] ® r]-^ A r]) . 

Chinea and Gonzalez-Davila [5] showed that T*M (g) u(n)-'- is decomposed into twelve irre- 
ducible [/(n)-modules Si, ... , C12, where 

r/-^ © u(n)j^_L = Ci© 62 ©63 ©64, 

rj^(s>'n^Arj = e5©e8©e9©e6©e7©eio, 

rj^rj-^Ar] = 612. 

The modules Ci, . . . , 64 are isomorphic to the Gray and Hervella's [/(n)-modules mentioned 
in Remark 12.11 Furthermore, note that tp restricted to C"*" works as an almost complex 
structure and, if one considers the I7(n)-action on the bilinear forms ©^ry-*-, then we have the 
decomposition 

©V = M(-,-)|(^± ©su(n)s© [cj2'0] ©MFffisu(n)a©u(n)|^^. 

The modules 5u{n)s (resp., 5u(n)a) consists of Hermitian symmetric (resp., skew-symmetric) 
bilinear forms orthogonal to (•, •)|^± (resp., F), and [o"^'''] (resp., u(n)j^x) is the space of anti- 
Hermitian symmetric (resp., skew-symmetric) bilinear forms. With respect to the modules 
Cj, one has r?-*- © r/-*- A M?7 = ©^r/-*- and, using the U'(n)-map ^'^("■) —^u(n)^ _ j^. -g 
obtained 

65 ^M(-,-)|^i, e8 = 5u(n)„ e9=p'0], Ce^MF, 67 ^ 5u(n)„ eio^u(n)^x. 
In summary, the space of possible intrinsic torsions T*M © u{n)-^ consists of those tensors 

^U{n) g^^jj ^-^^^ 

^iT^Y + ii^-^^Y = v{Y)^iT\ + v{iT^y)c (3.1) 

and, under the action of U{n) x 1, is decomposed into: 

(1) if n = 1, ^^(1) G T*M © u(l)^ = 65 © Ce © 69 © 612; 

(2) if n = 2, ^^(2) g rp*^ ^ ^^2)^ = 62 © 64 © ■ ■ ■ © 612; 

(3) if n ^ 3, G T*M © u(n)^ = Ci © • • • © 612. 

Now, we recall how some of these classes are referred to by diverse authors [2,5]: 
l^u(n) _ Qj. _ cosymplectic manifolds. Si = nearly-K-cosymplectic manifolds, 65 = 
a-Kenmotsu manifolds, Cg = Q-Sasakian manifolds, C5 © = trans-Sasakian manifolds, 
C2 © C9 = almost cosymplectic manifolds, 65 ® C7 = quasi-Sasakian manifolds. Si © 65 © 
Ce = nearly-trans-Sasakian manifolds. Si © C2 © C9 © Sio = quasi-K-cosymplectic manifolds, 
S3 © S4 © S5 © Se © S7 © Ss = normal manifolds. 
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The minimal [/(n)-connection is given by V = V + ,f with 

^x"^ = -^V'oVx^ + Vx??0C-|^?^VxC (3.2) 

In fact, one can firstly check that V is metric and V'^^^^V = V^^^'^r] = 0. Therefore, 
y[/{n) -g U"(n)-connection. Finally, it is direct to see that Cx'^^ ^ u(n)-'". Note that if the 
almost contact metric structure is of type 65 © • • • © Cio © S12, then the expression for the 
intrinsic torsion is reduced to 

= Vxr?®C-r/®VxC- (3.3) 

For sake of simplicity, we will write ^ = in the sequel. Likewise, ^(j^ will denote the 

component of ^ obtained by the I7(n)-isomorphism (V-F)(j) = (— ^F)(j) G — ^ ^(j). In this 
way we are using the same terminology used in [5] by Chinea and Gonzalez-Davila when we 
are referring to classes. 

For studying certain J7(n)-components of the Riemannian curvature tensor R of an almost 
contact metric manifold, it is necessary to consider a Ricci type tensor Ric^*^, called the 
almost contact Ricci tensor, associated to the almost contact metric structure. Such a tensor 
is defined by Ric^<=(X,y) = {Re^,x<pei,(pY). 

In general, Ric^*^ is not symmetric. However, since Ric^*^ satisfies the identities 

Ric'^iifX, ^Y) = Ric^^'(y^x, X^x), Ric^'=(X, C) = 0, 
it can be claimed that 

Ric'"^ G M(-, •) © su{n)s © u(n)j^x © j" C R{-, •) © su{n)s © 77-^ © u(ra)j^x © A r?"^, 

where i]^ = {2riQ6 + r] Ad \ 6 t]^} = t]-^ and we follow the convention aQb = ^ (a ©6+6© a). 

The skew-symmetric part Ric^J^^ of Ric***^ will play a special role in the present work. Relative 
to Ric^5t have the following result. 

Lemma 3.1. Let (M,{-,-),ip,C,) he a 2n + 1- dimensional almost contact metric manifold. 
Then the almost contact Ricci curvature satisfies 

Ric^ft(^C^.^C^) =((Vef ')e)^e,V^^C^,lc^) + (eC.,^e,V'X^x,y^x), 

Ric-(C,X) ={(y^^^H)^,^r,)[ipX) + (C^,^^e,r/)(<^X), 

for all X,Y £ X{M). Furthermore, if n > 1, we have: 

(i) The restriction Ric^J^^|^j^ o/Ric^j^ to the space (^~^ is in u(ra)j^^ and determines a U{n)- 
component of the Weyl curvature tensor W. 

(ii) The one-form Ric^'^(^,-) is in rj-^ and determines another U{n)- component ofW. 

As a consequence, if (M, (-, •)) is conformally flat, i.e. W = 0, and n > 1, then Ric^J^i^x = 
and Kic'^{(, •) = 0, or equivalently, Ricfjj^. = 0. 

Proof. The so-called Ricci formula [1, p. 26] implies 

-{Re,,^e,F)iX,Y) = ai(y''F)e„^e,{X,Y), 
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where a: T* M (^T* M IS?T* M lS?T*M®K^T*M is the skewing mapping. On one hand, 
by making use of first Bianchi's identity, it is straightforward to check that 

On the other hand, it is relatively direct to check that 

Now, using equation (|3.ip . we will obtain the following expression for ^\c^^{X,Y): 

me^,{X,Y) = {{V]^^^)0^e,vX,Y) + {i^^^^,^^X,Y) (3.4) 
+7? ((Ve^(")0^e.r/) o (^(X, y) + r, (ec.,^e.r/) o <^(X, Y). 

Note that V^^'^^ and ^ are tensors of the same type because V*^*^"-* is a [/(n)-connection. 
Now, by replacing X = and Y = y^x in equation (13.4(1 . we will obtain the first required 
identity. Likewise, by replacing X = C, and Y = X m equation (|3.4I) . the second required 
identity follows. 

Next we prove the final assertions in the Lemma. Denoting the space of algebraic curvature 
tensors by we consider the (7(n)-map $i : u(n)j^x — > defined by 

^i(^) = (6(^(1) + ^{2))b QF- ((^(1) + 99(2))6 A F) , 

where (v9(i)6)(X, y) = —b{(pX,Y) and ((/7(2)6)(X, y) = — y^y). It is easy to check that 

Ric^>i(5) = 0, Ric^"$i(6) = 6. 

Therefore, $i(u(n)j^x) is contained in the space W Q 01 of algebraic Weyl curvature tensors 
and is isomorphic to the (7(n)-module denoted by [A^'''] in references. This notation is 
described below in Section HI The tensor $i(Ric^J^^|^x) is the component of W included in 

Next we consider the the ?7(n)-map ^2 '■ 'H'^ ^ given by 

'^2(0) = 6{r] A {6 o ^)) Q F - 7] A {6 o ^) A F - ^{r] Q 9) & {■,■), 
where ® denotes the usual Kulkarni-Nomizu product [1] defined by 

(a ® b){x, y, z, w) = a{x, z)b{y, w) — a{y, z)b{x, w) + a(y, w)b{x, z) — a{x, w)b{y, z). (3.5) 
One can check that 

Ric«>2(e) = 0, Ric^^$2(^) = ^fe^^^^- 

Therefore, <I>i (r/-*-) is contained in W C 3? and is isomorphic to the U"(n)-module [A^'°] . The 
tensor ^2( 4ffil\) Ric'''=(C, •)) is the component of W included in [A^-^] C W. □ 

The vector field £,eiWi involved in Ric^*^ is given by 

-2i,^^e, = [d*Ff + d*F{C)C + 99VcC. 
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Thus, this vector field is contributed by the components of ^ in C4 and Cq. In fact, 2^(4)g.(/9ej = 
-{d*F)i - vjV^C + d*F{C)C and C(e)e,Vei = -d*F{C)C. On the other hand, the vector field 
^SiGi which takes part in the harmonicity criterion is given by 

Because 2^(4)6^61 = -Lp{d*F)'^ + V^C, ^(5)6^61 = -d*r] ( and C(i2)eiej = -V(^C, in this case we 
have a vector field contributed by 64, 65 and C12. 

4. Harmonic almost contact structures 

In this section we will show conditions relating harmonicity and Chinea and Gonzalez- 
Davila's classes of almost contact metric structures. Firstly, we characterise harmonic almost 
contact structures by means of the rough Laplacian of stabilised tensors under the action of 
U{n). 

Theorem 4.1. // (M, (•, •), ip, (^) is a2n + 1- dimensional almost contact metric manifold with 
fundamental two-form F , then the following conditions are equivalent: 

(i) (M, (•,•), C) is harmonic. 

(ii) V*V93 G u(n)+C^, where Cc = {a(^C-'n®a^ \aer]^} = r]-^Ar], andV*VC = -^e.Ce.C- 

(iii) [S/*Vif, 99] = 3?7 (g) V*VC — 3V* V?? C; where [, ] denotes the commutator bracket for 
endomorphisms, and V*V(" = —^SiCeX- 

(iv) V*VF G u(n) +r]^ AT], i.e. V*VF{ipX,ipY) = V*VF{X^±,Y^±), and V*Vt/ = 

(v) V*VF{ipX,ipY) = V*WF{X,Y) - 37] A iV*V7]) o ip{X,Y) and V*Vr] = -^^^i^^^r]). 

(vi) V*VF{X, Y) = -4F(ee,X, U.Y) + (e^.r?) A (^e.r?) o ifiX, Y ) + 7? A (^e, (^e,^)) o ^{X, Y). 

(vii) For all X,Y £ X{M), we have ((Ve^^^^Oei^c^, V) + (^^^e.^C^'^) = ^ "■^'^ 

In particular, an almost contact metric structure of type 65 © ... © Sio © S12 is harmonic if 
and only ifV*VC, = HVCPC; that is, the characteristic vector field C, is a harmonic unit vector 
field (see [11,19] for this notion). 

Remark 4.2. Vergara-Diaz and Wood [21] characterise harmonic almost contact metric struc- 
tures by the conditions V*V(/? G u(n) + C^f , and V*VC = ||VC|pC ~ In terms given 
here, one can check that ipT{ip) = 2(||VCf C + Ce,Ce,C)- 

Proof. For (i) implies (vi). Because F is stabilised by ?7(n), by (V^*-"'^.^)ej = — C^e^e, and (|2.5p . 
(i) implies 

(V*VF)(X,y) = -2F{i,^X,i,Y) + {i,^X,i,^ipY) - {i,^^X,i,Y). 

Now, using (|3.ip we have (vi). 

For (vi) implies (v). In general, it is satisfied {^,xF)[C,,ipY) = {£^xv)0^)- Taking this into 
account, it is direct to check 

(V*VF)(C,v^X) = (V*Vr/)(X) +4(ee,(ee,r/))(X) + 3||V77fry(X). (4.1) 

Then, replacing X = Q and Y = ipX in (vi) and using again (13. ip . it follows V*Vr/ = 
—^eii^eiV)- The remaining identity for (V*VF)(93X, y?!^) is directly deduced from (vi). 
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For (v) implies (i). Since V*Vr/ = -^e^e^v), we have {Ve}"''^ Oe, + Ue e,)v = 0. Now, 



using (13.1(1 . we can point out that, in general. 
Making use of this identity, from (v) one deduces 

But the map A -F{A-, •) - F{-,A-), from u{n)-^ C so(2n + 1) to u{n)-^ C h?T*M, is an 
C/(n)-isomorphism. Therefore, (V^^"'^^)ei +C5e.ei = 0. Thus we have (i). 

For the equivalence between (iv) and (v). It is immediate that (v) implies (iv). Conversely, 
using (14.1(1 . it is not hard to see that (iv) implies (v). 

For the equivalence between (iii) and (v). Because iV xF){Yi Z) = (y, {SI x'^)Z), it is direct 
to see that (V*VF)(X,y) = \x,{V*Vlp){Y)) . Then using this and dO), the equivalence 
follows. Finally, the equivalences between (ii) and (iii) and between (i) and (vii) are immediate. 

The final remark included in the Theorem is an immediate consequence of the computation 
of d*^ by using equation ((3.3p . □ 



In next two results, for certain types of almost contact metric structures, we will deduce 
conditions characterising harmonic almost contact structures. 

Theorem 4.3. For a 2n + 1- dimensional almost contact metric manifold (M, (•, •),</:', C); we 
have: 

(i) // M is of type D, where D = Ci 62 65 Ce © Cy Cg, Si © 62 Sg © Cio, then the 
almost contact metric structure is harmonic if and only if Ric^^{Xi^±,Y^±) = and 
Ric^<=(C,^) = 0, for all X,Y e X{M). 

(ii) For n 7^ 2, if M is of type Ci 64 65 Ce 67 Qg, then the almost contact metric 
structure is harmonic if and only if 

_ _ 5)Ric^ft(X^x,y^x) = 2(n + l)(n - 3){^^^^e,X^,,Y^^), 

Ric-(C,X)= -2{^^^^,^r^){X), 

for all X,Y e X{M). 

(iii) For n ^ 2, if M is of type Si C4 Sg Cio, then almost contact metric structure is 
harmonic if and only if 

(n - l)(n - 5)Ric^f,(X^x,y^x) = 2(n + l)(n - 3)(C^,,^,,X^x, F^x), 
Ric-(C,X)=2(e5,^e.r?)(X^x), 

for all X,Y eX{M). 

(iv) For n 7^ 2, if M is of type 62 64 65 Ce 67 Cs, then the almost contact metric 
structure is harmonic if and only if 

(n- l)Rictf,(X^x,y^x) = 2n{C^^^,^X^^,Y^^), 

Ric-(C,X) = -2(C^^^e.r/)(X), 

for all X,Y eX{M). 
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(v) For n 7^ 2, if M is of type 62 © C4 © C9 © CiO; then the almost contact metric structure 
is harmonic if and only if 

for all X,FgX(M). 

(vi) If M is normal (C3 C4 © C5 Ce © C7 © Cg), then the almost contact metric structure 
is harmonic if and only if 

for all X,Y e^{M). 

(vii) If M is of type C3©C4©C9©Cio, then the almost contact metric structure is harmonic 

if and only if 

for all X,Y eX{M). 

(viii) // M is of type T), where D = Ci © 65 © Cg, Ci © Ce © Sg, then the almost contact 
metric structure is harmonic if and only if^{xc'^^{C,,X) = 0, for all X € X(M). 

(ix) Forn^ 2, if M is of type D, where D = e4©e5©e6, e4©e5©e7, e4©e5©e9, e4©e8, 

then the almost contact metric structure is harmonic if and only if Ric^^{(^, X) = 0, 
for allX e X(M). 

In particular: 

(i) * // M IS of type D, where D = 61 © 65, Qi © Cg, Ci © 69, 63 © Se, 63 © 67, 63 © Cio, 

e5©e6©e7, 65 ©Cg, e5©e9, e5©eio, e6©e7©eg, e6©e7©eio, e8©e9, e9©eio, 

then the almost contact metric structure is harmonic. 

(ii) * For n^2, if M is of type T>, where D = 64 © 65, 64 © Ce, 64 © 67, 64 © 69, then the 

almost contact metric structure is harmonic. 

Corollary 4.4. 

(a) // an almost contact metric structure is of type T>, for D = 65 © Cg © 67, C5 © Cg, 
CsffiCg, SsffiCio, e6©e7©eg, e6©e7©ei0; eg©e9, e9©ei0; then the characteristic 
vector fi,eld C, is a harmonic unit vector field. 

(b) For a conformally flat manifold (M, (•, •)) of dimension 2n + 1 with n > 1: 

(i) // an almost contact structure compatible with {■, ■) is of type D, where D = 
61 © 62 © 65 © Ce © 67 © Sg, Ci © 62 © 69 © Sio, Si © 65 © 69, then it is harmonic. 

(ii) For n > 2, if an almost contact structure compatible with (•, •) is of type D, where 
D = 64 © 65 © Gq, 64 © 65 © 67, 64 © 65 © 69, 64 © Cg, then it is harmonic. 

In order to prove these last results, we will show some identities for almost contact metric 
structures which are analog to the one satisfied for almost Hermitian structures (see [17, p. 
182] or [10, Equation (4.2)]). They are consequences from the fact d!^F = and arise when 
we write d^F by means of V^^"^^ and ^. For sake of simplicity, we will deduce such identities 
for almost contact metric structures of type Ci © . . . © Cio, i.e. = 0. In fact, let us describe 
an expression for dj^F in terms of the intrinsic torsion. Since 

i (VyF) {Z, W) = {^yZ, ipW)-vQ i^YV) o f{Z, W), 
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by alternating this identity, we get 

i dF(Y, Z, W) = {^yZ, ifW) + iCwY, ifZ) + {izW, ipY)-riQ {^yv) « ^{Z, W) 
-rj iiwv) o fiY, Z)-r]Q {^zv) ° 'P{W, Y). 

Now, taking V = V^(") - ^ into account, we have (PF = alt(V^(")dF) - alt(^d-F), where alt 
is the alternation map. On the one hand, it is direct to check that alt(V^^"^dF) is twice the 
alternation of the tensor H given by 

HiX, Y, Z, W) = ((V?")^)^ Z, <pW)+vQ ((V?")Oy^) « <^(^, W). (4.2) 

That is, 
ialt(V^(")dF)(X,F,Z, W) = 

-( (v^("'^^ ^ w, ^x) - ( ( v^!("'e] X, ^z) + { (v^("'c5^ Y, ^w) + ( ( v^("'c) y W, ^X) 
+{(vr'cj x,^Y) - {(v'H-'i) Y,^z) - {h'^-'i) \^x> - {h'^-'i) x,^y) 

+7? (iyTH)Yv) o ^{Z, M/) + r; ((V^("'C)zr;) o ^{W, Y) + ^ ((V^^-'Ow^')) ° ^(y, ^) ^ ' 
-r? ((V^'<"'0x7?J o <^(Z, M/) - ((V^<"'Oz'?) ° X) - ,7 f (V^'<"'C)w?7) ° ^(^, ^) 
f(V^<"'0x7?) o ^(F, W^) + ,7 ((V^<"'C)yr;) o + ^ \^Th)wr^ o ^(X, F) 

\^T\)xr^ ° ^(i"- ^) - n (vli^-'Ov'?) ° ^{Z, X)-vQ (vT^Ozv) ° Y). 
On the other hand, it is direct to see that 
- ^Silti^dF){X,Y,Z, W) = 

iUY, ei){^e,Z, ^W) + {ixZ ei){ie^W, ^Y) + {ixW, ei){ie,Y, ^Z) 

- {iYX,ei){i,,Z,^W) - {iYZ,ei){i,,W,^X) - {iYW,ei){i,,X,^Z) 
+ {^zW,ei){ie^X,^Y) + {izX,ei){ie,Y,^W) + {^zY,ei){^,,W,ifiX) 

- {iwX, ei){i,,Y, ^Z) - {iwY, ei){UZ, ^X) - {iwZ, ei){^,,X, ^Y) 

+ {^Yv){Z)i^xv) ° V^{W) + {^zr])iW){^xv) ° ^{Y) + {iwv){Y){ixv) ° 'fi{Z) 

- iUvKZ^YV) ° AW) - {^zv)iW)i^YV) ° 'P{X) - {^wv)iX){iYV) ° ^Z) (4 4) 
+ {^xr]){Y){^zv) ° AW) + {^YV)iW)i^zv) o ^X) + {^wv){X)i^zv) ° AY) 

- {^xr]){Y){^wv) ° AZ) - {iYV){Z){^wr]) o ^{X) - {^zr]){X){^wv) ° AY) 

- i^xi^YV)) ° AZ)V{W) - i^xi^zT])) o AW)v{Y) - i^xiiwv)) ° AY)r]{Z) 
+ i^Yi^xv)) ° + i^Yi^zv)) o AW)v{X) + i^Yiiwv)) ° AX)V{Z) 

- o AY)v{W) - i^zi^YV)) o AW)v{X) - iizi^wv)) ° AX)n{Y) 
+ {iw{ixri)) ° ^(i^)r?(^) + {iw{iYr,)) o + o AX)r}{Y). 

Now, for our purposes, we need to note that (fF G A^r*M and A^T*M is equal to [A'*'*'] ® 



-^0 



[A3'1] © [A2'0] AF© [A^-^] © [AJ'^] AF©MF AF© [A^-O] A7?( 

that Aq''^ is a complex irreducible L'(n)-moduIe coming from t^ 
exterior algebra and its corresponding dominant weight in standard coordinates is given by 
(1, . . . , 1, 0, . . . , 0, —1, . . . , —1), where 1 and —1 are repeated p and q times, respectively. The 



A??© [A^'O] ^F^r|. We recall 
le (p. g)-part of the complex 
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notation {V} means the real vector space underlying a complex vector space V and [W] denotes 
a real vector space which admits W as its complexification. 

Prom now on, we are assuming that the almost contact metric structure is of type Ci ® 
. . .©Cio, i.e. = 0. Our purpose is to compute the [A^'^^J-part ofcPF. This can be obtained 
from the two-form vr|[;^2,o] o Fi2{d'^F)^ where F12 is the 1 2-contraction by F and 7r[A2.o] is the 
projection lS?T*M [A^'^J . Thus, from gj]) and g^l we obtain 

\F,2{<eF){XX) = 

-2((V^(")0^e.'^e„ X) - 2(ec,^^e,^, 'pY) + 2(^x6,, ^e,Y, ) - 2(eye„ ^e.X) 
-ry(X) f (V^^")^..'?) + V{Y) {{vT^Oe.v) {e^) - 2rj Q ((Ve^-^O^..^) ° ^{X, Y) 
+i^{X) [{vT^Oyii) (e,) + ry(r) [{vT'^Oxv) (e.) + 2i^{X){i^^^y^){e,) 
+2{^eMXm^e,v) ° ^(Y) - 2{£,,^{^Yri)){eMX) + 2{^xv){Y){^eMe^) 
+2(Cyr?)(e,)(^^..^) ° v{X) + 2(ee, (e^e.r?)) o v{X)r,{Y) - {^eM^e,){Uv) ° ^(Y) 

(4.5) 

Therefore, 7rj;^2,o]] o Fi2{d?'F) is such that 

^^1X2,0^0 F^2{d?F){X^^,Y^^) = 

- 2((V,^(")e)^e,Xc-'^n-) + ((Vj:ir^Ox,.n-'^e,) - ((V^(:^)e)y,.^c-'^e.) 

- ((V^ir^O^x^.^^^c-'^e.) + ((V,^(")0^y,.^^c-'e.) + ((V^(;)C)e.e„yc-) 

- ((V^^^'^Oe.e^X^.) - ((V^(;;)^Oe.e„^yc-> + ((V^i.;;^Oe.e„^X^.) 

- 2 (Cc,^ ^e. , .^y^;^ ) + (^X^^ , Ce. i"c^ ) " (^^^c^ ' ^ 

- {ivX^^e.i.S.e.'pYi^i-) + (Cv>y.^ei,^e.<^^c^) + i^<^^v){X(^±){£,^e,i) °'/'(^c^) 

- (6.?y)(n-)(e^..^) ° V(^c-) + 5(^x,.'7)(n-)(fe.'?)(e.) - i(ey,.^)(^c-)(^e.^)(eO 

- \(Ux,^v){^Y^-){U'n){ei) + Ke^y,,^)(^^c-)(Ce.??)(e.) - i(^y,,?7)(^e,)(Ce.?7) ° ^(^c-) 
+ i(ex,.ry)(^e,)(ee.?7) o^(r^.) + \{i^Y^^v){eMveMXc^) - \{i^x^^v){ei){i^eMYc^) 

- WeMvei){U,^ri)o^{Y^^) + \{LMvei){^Y^^'n)op{X^^) - l^ieM^^iM^x^^^Wc^^) 
+ WeMv^M^Y,^^){X^-) - \{ix^^r|){e^neMY^^) + K^Y,. ^) (e. ) (6. ^) (^C^ ) 

+ W^x^^n){e,){ieM^Y^-) - \{i^y,^^){^^){ieM^x^-)■ 

From this expression, taking into account the properties of the components ^(i), . . . ,'^(10) of 
^ (see [5]), one can obtain 7r[;^2,o]] o Fi2{d?F) given in terms of ^(1), . . . ,^(io)- We recall that 
if V'^(") is a [/(n)-connection, then V^^"-'^C(i) e ^i- Thus, we get Itt^x2,oi oFi2{(PF) which is 
the right side of next equation. Then we have 

Lemma 4.5. For almost contact metric structures of type Ci®. . .©Cio, the following identity 
is satisfied 
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+ (n - 2)(e(5) e^v) A (^(10) e,?7)(^c^,>f^) - 2(^(8) e.??) A (^(10) eM^c^-Yc^) 

+ {n - 2)(^(6) e,?7) A (^(10) eM^C^>Yc^) - 2(^(7) e^v) A (^(10) e.r?)(X^^,y^^). 

In order to compute the [A^'^'J-part of cfF, we replace X = C and Y = Y(^j_ in (14. 5|) . Thus, 
making extensive use of the properties of ^(i), . . . , ^(lo), we get 

((Vf'"'e(4))e.e.,ycJ + (n - 2) ((Ve^'"'e(5))e,»7) (FcJ - ((V.^("'e(6))e.^) (^J 
- ((Vr'C(7))e,^) - 2 ((V.^<"'e(8))e,^) (^J + ( ( Ve^'"' ^(9) ) r,) (^J 

+ 2 (( Ve^("'C(10) )e, r,) {Yc^ ) + 2(C(9)e.^) (CcDe^lc^ ) + (C(9)e, T,) (^(2)^, ) ^ 3 (f, 10)e. (C(2)e, ) 

+ (C{5)ei??)(C{3)eiyC_L) " (C(6)ei ??) (?(3)ei ^Ci ) " (C(7)ei ??) (?(3)ei 'S^Ci ) + (C(8)e, »?) (C{3)e, >Ci ) 

-(C(9)<=i?7)(C{3)yei) - (C(io)ei??)(C{3)yei) + ^(C(6)ei'7)(</'ei)(^(4)e.e,, (pFf^) 
-;r7T(C(7)y,^r?)(C(4)e,e») + ;irT(e(8)yr;)(e(4)e,eO + s^K^doy^^ r?)(C(4)e.eO. 

(4.6) 

On the other hand, by replacing X = Y"^^ and Y = C, we will obtain 

-((Vf'"'C(4))..e„ycJ - ('^ - 1) ((Ve?"'C(5))e,77) (VcJ " 2 ((V.^("'e(6))e,^) (VcJ 

-2 {{vTkm)e^v) (nj + ((Ve?"'e(8))..»7) (nj + 2((V.^'"'C(9))x»7)e. 

- ((Ve?"'e(l„))e.^) - (e(6K'7)(e(l)e.(nJ) - (e(7)e,'7)(e(l)e.(nj) 

-2(e(9)e.r?)(C(l)..ya) - (C(10)..'?)(C(l)e,n^) - (C(6)e,r;)(C(2)e,(n^)) - (5(7)e. »?) (C(2)e. ( ) ) 
-(?(9)e.r?)(C(2)=.(n^)) + 2(^(10)=. '?)(C(2)e,lc^) + (C(6) 'Z) (C(3)e. ) + (e(7)e, (C(3)e, ) 

+ (C(9)e.??)(C(3)y<;^ei) + {^(10)e,V){^(3)Y^^ei) + {^(9)eiV)i^(3)eiYt;^) 

-^(C(6)ei?7)(¥'ei)(C(4)eie,,<^yCi) + ;rrT(^(7)Y'^^T?)(?(4)eiei) + ;^(?(io)y<-^'7)(C(4)eiei). 

(4.7) 

Since d?F = 0, from these two identities the last two identities included in next Lemma 
are immediate consequences. The first identity in the Lemma is obtained by summing the 
equations ([46]) and ([tTT]) . 

Lemma 4.6. For almost contact metric manifolds of type Ci®. . .©Cio, the following identity 
is satisfied 

- ((Vef ")e(8))e.r?) (FcJ + 3 ((Ve^(")C(9))e,ry) {Y,J + ((Ve^^^^^do) )e.^) (^J 
-(?{6)e.'?)(C(l)e,^Cx) - i^i7)e,V){^il)eJ<:±) " (C{10)e.'?) (?(l)e,>C± ) 
-(C(6)e.'?)(^(2)e,^Ci) " ('^(7)6,^) (C(2)e, ^^Cx ) + (C(lO)e.??) (^(2)e,>fx ) 

+ {^{5)eMk3)eJc±) + (?(8)e,^) (C(3)e. ^Cx ) + (C(9)e,^) (^(3)e, >Cx ) 
+ ;i^(e{8)C(4)e,e,??)(^Cx) - (^{10)?(4)e,e,^)(>Cx)- 
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In particular, if the almost contact metric manifold is of type 65 © • • • © Cio, then 

= (n-l)(V,^We(5))e.+2(V,^(")C(6))e. + 2(V,^(")e(7))e. 

-(Ve^(")?(8))e. - 2(V,^We(9))e, + ( V,^(")^(io) )e. , 
= (n-2)(V,^(")e(5))e.-(V,f")e(6))e.-(V,^(")C(7))e, 

-2(V,f ")e(8))e. + (V,^(")e(9))e. + 2(V,f "^^(10) • 

In the following proofs below we will make extensive use of the identities contained in 
Lemmas 14.51 and 14.61 Likewise, we will need to use the fact ^^(4)^^ = satisfied by almost 
contact metric structures of type Ci © • • • © Sio- 

Proof of Theorem \4.3[ For (i). The tensor ^ for almost contact metric structures of type 
ei©e2©e5©e6©e7©e8 is such that = O, ^^x^Y = -Cx^^Y^± and {^^xv)i¥'Y) = i^xv)(Y) 
[5]. Also in such a case, we have C^^.ipeiil = 0. Therefore, by Lemma ISTTl and Theorem 14.11 
(vii), (i) follows. 

The proof for D = Ci © C2 © C9 © Cio is similar. In this case we have = 0, S^^x'^Y = 

V' i^^xv)ivY) = -iUvW) and %^^e,?? = 0. 
For (ii). Because the structure is of type Si © 64 © 65 © Se © 67 © 63, the identities in 
Lemmas 13.11 and 14.51 are given respectively by 

= 3((V,^(")e(i)kX^x,y^.) + (n-2)((V,^We(4))e.^C-,lc-) (4.8) 

Ri<lt(^C-'%) = (e(i)C(4Ke.^c-'%)-(«^"^^(2))e.^C-'^C-) (4-9) 

Likewise, the first one of the characterising conditions for harmonic almost contact struc- 
tures given in Theorem 13.11 (vii) is expressed by 

- (^(l)«(4)e,e.^CX,y^x) = ((V,^WC(l))e,X^x,lc^> + ((V,f")e(4))e.X^x,lc4- (4-10) 

Now, for n > 3, it is straightforward to check that equations (|4.8I) . (14.91) and (I4.10p imply the 
expression for Ric!^)^ required in (ii). 

On the other hand, for almost contact metric structures of type Ci © C4 © C5 © Ce © Cy © Cg, 
we have {^^xv){'pY) = {(.xv){Y)- Moreover, ^^,^^e,V = Uw.,'P<^,^ = -^vie.e.V- Therefore, 

Ric-(C,X) = i{V^}-k)eMX) - (e5.,e.r?)(X). 

Now, from the second condition in Theorem 14.11 (vii). it follows Ric'^'^(C,-^) = — 2(^^^^ej'?)(-'^)- 
Conversely, it is also direct to see that the expressions for Ric^*^ in (ii) and equations (14. Sp 

and (14.91) imply equation (I4.10p and {'Ve}'^^)^^ + i^^.e^f] = 0. Therefore, the almost contact 

metric structure is harmonic. 

The proof for (iii) is similar to the one for (ii). The only difference is that in this case we 

have {i^xri){^Y) = -{ixv){Y). 
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For (iv). If the structure is of type 62 © 64 65 65 © 67 © Cs, then the identities in 
Lemmas 13.11 and 14.51 are given respectively by 

= (n - 2)((V,^(")e(4))e,^c-,n-) - ^(e(2)e,4)e.e.^cx,n-), (4.11) 

+ ((Ve':^"^C(4))e,X^.,lc-). 

For this case, the first condition given in Theorem 14.11 (vii) is expressed by 

- (e(2)5(4).^e,^C^,n^) = ((V,f")^(2))e,X^x,y^x) + {{W^}^kiA))e,X^^ ,Y^^) ■ (4.13) 

Now, for n > 3, it is straightforward to check that equations (14.111) . (I4.12P and (|4.13ll imply 
the first required identity in (iv). The expression for Ric^'^(C,^) follows as in the proof for 
(ii). 

Conversely, it is also direct to see that the expressions for Ric'^'^ in (iv) and equations (|4.11|) 

and (|4.12l) imply equation (14.13(1 and (V^^"^^)eif/ + Cce e,?? = 0- Therefore, the almost contact 
metric structure is harmonic. 

The proof for (v) is similar to the one for (iv). Note that in this case {S,ipxri){^Y) = 

For (vi). The intrinsic torsion ^ for normal structures is such that = 0, (,ipxV^Y = ^X^^Y( 



and {^ipxrj){(fY) = {^x'n)iY) (see [5]). Therefore, the required identities in (vi) are immediate 
consequences of Lemma 13.11 and Theorem 14.11 (vii) . 

The proof for (vii) is similar to the one for (vi). In this case we have = 0, (.tpxV'Y = 
U.Y.^ and {^^xv)ivY) = {^xvW). 



Finally, (viii), (ix), (i)* and (ii)* are immediate consequences of Theorem 14.11 (vii) . Lemma 
14.51 and Lemma 14.61 □ 

Proof of Corollary \4-4\ The assertions are immediate consequences of Lemma 13.11 Theorem 
10 and Theorem [431 □ 

Now, we focus our attention on studying harmonicity of almost contact metric structures 
as a map into §0{M)/{U{n) x 1). Results in that direction were already obtained by Vergara- 
Dlaz and Wood [21]. We will complete such results by using tools here presented. In next 
Lemma, will denote the ac-scalar curvature defined by = Ric'^'^(ej, e^). If Ric^'^(X, Y) = 
2^s^^((X, Y) —r]{X)r]{Y)) , the almost contact metric manifold is said to be weakly-ac-Einstein. 
If s'^ is constant, a weakly-ac-Einstein is called ac-Einstein. 

In Riemannian geometry, it is satisfied 2d* Ric +ds = 0, where s is the scalar curvature. 
The ac-analogue in almost contact metric geometry does not hold in general. 

Lemma 4.7. For almost contact metric manifolds of type Si ffi . . . Cio, we have 

2d*iRic'^)\X)+ds'^{X) = 2(/?e,,x,e^e.^) -4Ric^<=(X,Ce.ei) 

+ 4(Ric^^ - 2d*F{C) Ric^<=(C, ipX), 

where (Ric^'=)*(X, Y) = Ric^'=(y,X) an(i^^(y,Z) = {(,xY,Z). In particular, if the manifold 
is weakly-ac-Einstein, then 

(n - l)ds^%X) + (ds-(C) + s^'^d*r])rj{X) = 2n{R^,^^x),C^eM " 2s^'^{Ce,ei, X). 
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Proof. Note that (Ric^'=)*(X, y) = i(iie.,v.e,^, 9?^)- Then, we get 
d*(Ric^=)*(X) = -iVe,imcn\ej,X) 

Now, since (Ve^V')(6i) = "^vCej^j + d*F{()(:^, using symmetry properties of R, it follows that 
d*(Ric^'=)*(X) = -^{{Ve^R)x,ve,ei,^pei) + {Rx,e,eiy^e,^ei)) - {Re^^^e,X,ipCe,ej) 

-id*F(C)(i2(e„^e,)^,C)- 

Using second Bianchi's identity and taking into account 

{Rx,ejei,Vy,ej^pei)) = (i?x,ejei, V^^"Vej)) - {Rx,ejei,£,^ej^ei)), 

we get 

d*(Ric^'=)*(X) = -l{{VxR)e„^e,euipei)-{Rx,e,,C^eM 

-2Ric^'=(X,^e, ei) - d*F iORic'^iC^X). 

Note that 

(i?x,e,ei, V^4"VeO) = (iix,e,ei,efc)(Vg^"Ve^,efc) = 0, 
because it is a scalar product of a skew-symmetric matrix by a symmetric matrix. 
Finally, it is obtained 

2d*(Ric^'=)*(X) = -U{^xR)e„Je,ei,ipei)-2{Rx,e,,^^eM (4.14) 
-4Ric^<=(X,Ce, ei) - 2d*F{0mc'^{C,ipX). 
In a second instance, ones obtains ds^'^(X) = ^X{Re-^jeiej, Jej) . Hence 
ds'^'^iX) = l{{VxR)e„ve,ej,ipej) + 2{Re^^^e,ej,VxVej). 
But we also have that 

{Rei,^e,ej,Vx^ej) = (i?e,,</:.e,ej, efc)(v]^^"Vej, e^) - {Re„^e,ej,ek){Cx^ej,ek) 
= {Re„^e,ej, ifixej) + r]{^x^ej){Re,,^e,C, ej) 
= IRic'^ieu^xei) - 2r]{^xVej)Ric'''{C, ^e^) 
= 2Ric'^'=(ei,exei)+2Ric^'=(C,exC) 
= 2(Ric'^^a>• 

Thus, 

ds^iX) = l((Vxi?)e.,^e,e„(/.e,) + 4(Ric-,e^). (4.15) 
From (I4.14P and (|4.15l) . the required identity is obtained. □ 

Theorem 4.8. For an 2n + 1-dimensional almost contact metric manifold (M, (•, •), if, (), we 
have: 

(i) IfM is of type D, where V = eiee2ee5®e6ee7ee8 or D = 610620690610, then 
the almost contact metric structure is a harmonic map if and only if it is a harmonic 
structure and 2d* Ric'^ +ds'^'^ = 0. In particular: 
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(a) // the structure is of type Si © 62 © 65 © Cg © C7 Cg and the manifold is weakly- 
ac-Einstein, then the almost contact metric structure is a harmonic map if and 
only if satisfies nds^^ = s^^d*r]r] = —s^^^^^Ci. 

(b) // the structure is of type D = Ci © 62 © Cg © Cio, Ci © 62 © Cg © 67 © Cg and 
the manifold is weakly-ac-Einstein, then the almost contact metric structure is a 
harmonic map if and only if s^"^ is constant. 

(c) If the manifold is nearly- K-cosymplectic (Ci), then almost contact metric struc- 
ture is a harmonic map. 

(ii) IfM is of type V, where V = e3©e4©e5©e6©e7©e8 or D = e3©e4©e9©eio, then 
the almost contact metric structure is a harmonic map if and only if it is a harmonic 
structure and 

2d*(Ric^'=)*(X) + ds^%X) + 4Ric^'=(X,^e,ej) 

-4(Ric^^ex) + 2d*F(C)Ric^'(C,'/'^) = 0, 
for all X G X(M) . In particular, 

(a) * //Ric^'^ is symmetric, then the almost contact metric structure is a harmonic map 

if and only if ^^^.e^ = and 2d* Ric^^ -l-ds'^ + A^e^ei^Ric^ = 0. Furthermore, if 
the manifold is weakly-ac-Einstein, then the almost contact metric structure is a 
harmonic map if and only if C^^a = and (n — 1)^5^*^ + {ds^{C) — s^^d*r])r] + 

2s^t,ei = 0. 

(b) * // the almost contact metric structure is of type 63 © Cj, i = 6, 7, 10, then the 

structure is a harmonic map if and only if 

2d* Ric^'= +(is^^ = 0. 

Furthermore, if the manifold is also weakly-ac-Einstein, then the almost contact 
metric structure is a harmonic map if and only if s^^ is constant. 

(c) * For n ^ 2, if the almost contact metric structure is of type C4 © Cj, i = 5, 6, 7, 9, 

then the structure is a harmonic map if and only if 

2d* Ric'^ +ds'^ + 4ee,ei J Ric'^'^ = 0. 

Proof. Most of the results contained in Theorem are immediate consequences of Theorem 14.31 
and Lemma l4?7l □ 

Remark 4.9. If a nearly-K-cosymplectic structure is flat, then it is cosymplectic, i.e. ^ = 0. 
In fact, in [21] it is shown that [u(n)j^j^, u(n)j^j^] C u(n) and, for nearly-K-cosymplectic 

structures, £ i^l'^jj^xi for all X G X(M). Therefore, by Proposition 12.31 (i). the assertion 
follows. 

5. Almost contact metric structures with minimal energy 

In this section we will apply the simple and elegant argument used by Bor et al. in [4] to 
almost contact metric manifolds. For oriented and compact Riemannian manifolds (M, (•, •)) 
of dimension n equipped with a G-structure, G C SO{n) and a differential p-form cp preserved 
by the action of G, the following Bochner type formula was deduced in [3] 

/ (^Jd^'+p\\d*^'-\m\') = [ (dic^^cp), (s.i) 
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where the volume form dv is omitted for sake of simphcity and the operator 01 is defined as 
follows. We firstly remind that, for a covariant p-tensor a, we denote 

alta{xi,...,Xp) = X]^sign(T)a(x^(i), . . . , 

where the sum is extended on the set of permutations r of {1, . . . ,p} and sign(r) denotes the 
signature of r. If (/> is a skew-symmetric p-form, we write 

{R''(l)){xi, ...,Xp) = {Rx^^ei(p){ei,X2, ■ ■ ■,Xp). 

That is, the operator Rx,y acting on the p-form (j) in the usual way and then doing the indicated 
contraction. Finally, it is defined 

^{(f)) = alt(i?'=(/.). 

Remark 5.1. The constant coefficients in the identity are different in [3]. This is due to the 
different conventions followed by us for the wedge product, the scalar product of p-forms, etc. 



In the context of almost contact metric geometry, since {JIF,F) = 2{s — 
the Bochner type formula for the fundamental two-form F is given by 

[ {l\\dF\f + 2\\d*Ff -\\VFf) =2 [ -Ric(C,C))- 
Moreover, since {Olr],r]) = Ric(C,C)) for the characteristic one- form rj we have 



Ric(C,C)), 



M 



[l\\dvf + \\d*rjf-\\W7jf) 



Ric(C,C). 



M 



Prom the expression for the intrinsic torsion given by equation (|3.2I) . it follows that 

4||e||2 = ||VF||2 + 6||Vr?|l2. 

We recall that VF G Ci • • • 612, V?? G 65 • • • Cio © 612- Taking this into account and 
the properties of a tensor in the module Cj, i = 1, . . . , 12, (see [5]), it is not hard to deduce 



4||%)f = II(VF) 



ll(V7?)(,)| 



0, 



= ll(VF)(,)f, 2||(Vr/)(,)f = ||e(,)| 
Moreover, if we consider the decomposition 



1,2,3,4,11; 
5,6,7,8,9,10,12. 



A^T*M 



2,1 



1,1 



A 7? [A2'°] a t], 



and the I7(n)-map alt : T*M 0u{n)-^ A^T*M, the exterior derivative dF = alt(VF) is in 

ef eg eg eg e?o n, where 



e? = [A^^'l = ait(ei), eg 



A, 



2,1 



ait(e3), e2= [Ai'°] AF = ait(e4), 



eg = MFA7? = ait(e5), eg 



, 1,1 



Ar] = alt(e8), e?o,ii = [A^'l A 77 = alt(eio + en). 



To be more precise, the component of dF in e^Q ^ is given by 

('^i^){io,ii) = A (2(Vr/)(io) o if + (^(VcF)) . 

Remark 5.2. Note that (p{V(^F) = (/9(V^F)(n) = — (V(^F)(n). So that, if an almost contact 
metric structure is of type eio en such that Vr] o ip = V^F, then dF = 0. 
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Now using the properties satisfied by tlie different components of VF(see again [5]), we 
have the following relations 

11^(1) f = 9||(VF)(i)f; ||(dF)(,)f = 3||(VF)(,)f, i = 3A; 

\\{dF\i)f = 6||(VF)(,)f , i = 5,8; \\{dF\,o,n)f = 3||2(Vr?)(io) o cp - (VcF)(ii)|p. 

Let us also recall that ||(V^F)(ii)||2 = ||(VF)(ii) 

Next we consider the J7(n)-map Ci2 : T*M (g) u(n)"'" :— > T*M defined by the contraction 
Ci2(a)(X) = a{ei,ei,X). The coderivative d*F = -ci2(VF) is in ei-i^2 ® ^e, where QI12 = 
= Ci2(e4©ei2) and eg = Mr? = 012(66). In fact, (d*F)(4,i2) = -eij(Ve,F)(4) + (Vcr/)(i2)0(^ 
and (d*F)(6) = d*F{C)rj. 

Remark 5.3. Note that if an almost contact metric structure is of type 64 © 612 such that 
eij(Vei-F)(4) = (V^r?)(i2) o (p or, equivalently, (peij{V^eiF) = (V^ry) o then d*F = 0. 

Now using the properties of tlie different components of VF, we have 

Il(^*i^)(4,i2)f = II - e.^(Ve,F)(4) + (Vcr/)(i2) o ^f, ||(d*F)(6)f = n||(VF)(6)f . 

We will also recall that ||ei j(VeiF)(4) f = ^||(VF)(4)f and ||(Vr?)(i2)f = ||(V^r/)(i2) f . 



Now we will analyse the exterior derivative of the characteristic one-form r]. The decompo- 
sition of the space of skew-symmetric two-forms is given by A^T*M = MF© Ag'^ © [A^'*^] © 

rjAi]^, where MF ^ Ce, Xq^ = 67, [A^'O] ^ Cio and r? A r/-^ ^ 612. Therefore, making use 

of the alternating map alt : (8)^T*M A^T*M, for the exterior derivative dr] = alt(V?7), we 
have 

||(d7?)(,)f = 4l|(Vr,)(,)||^ i = 6,7,10; ||(dr?)(i2) f = 2||(Vr/)(i2) f • 

Finally, it is easy to see that d*!] = —(yeiV){5)Gi- Therefore, {d*riY = 2n||(Vr7)(5)|p. 
Taking all of this into account, we obtain the following Bochner type formulas 



/ (8||^(i) f - 4||e(2) f + 11^(5) f + (2n - 1) 11^(6) f - 11^(7) f + 11^(8) f - 11^(9) II' - 11^(10) f 
J M 

-4||C(ii) f - 11^(12) f + l|2(Vr/)(io) o ^ - (VcF)(n) f +2|| - eij(Ve,F)(4) + (Vcr?)(i2) o <^f) 

= 2 / (5-s--Ric(C,C)), (5.2) 

JM 

f ((2n - 1)11^(5) f + 11%) II' + 11%) f - 11%) f - 11%) f + ||%o)in = 2 / Ric(C,C)- 

(5.3) 

Now restricting our attention on conformally flat manifolds, we display the next result 
where we will denote by cp^, F^, r]a, Ca and $.(i){cr) the corresponding tensors associated to an 
almost contact metric structure a. 

Theorem 5.4. Let (M, (•, •)) be a 2n + 1- dimensional conformally flat compact Riemannian 
manifold, where n > 1. If s is the scalar curvature and C^.,.) = Jm^' ^^^^ ^ constant 
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depending on the metric (•,•), then every almost contact metric structure a compatible with 
{■,■) satisfies 



Jm ^ 

-2^lUi7)i^)f + 2^l\\ks)(^)f - ^lle(9)(-)lP - 2;^^ 11^(10) (^)f 

-2||?(ii)(^)|P - Ile(i2)(^)f + ^||2(Vr?.)(io) o - (Vc.F.)(ii)f 

+ 11 - e,j(Ve,F,)4 + (V^^r?,)(i2) o 99,f ) . (5.4) 

Moreover: 

(i) //(To is an almost contact structure compatible with {■, •) of type C10S4 andn = 3, then 
(To is an energy minimiser such that its total bending is B{ao) = ^C^._.^. Furthermore, 
in this situation any other energy minimiser is of type Ci © 64. 

(ii) If n = 2 or n > 4, and Co is an almost contact structure compatible with (•, ■) of type 
64, then (JQ is an energy minimiser such that its total bending is B{aQ) = 2(2n~i) ^(■.■) • 
Furthermore, in this situation any other energy minimiser is of type C4. 

(iii) // ao is an almost contact structure compatible with (•, •) of type 62, then ao is an 
energy minimiser such that its total bending is B{ao) = — 2(2n-i) ^(t) • Furthermore, 
in this situation any other energy minimiser is of type C2. 

Proof. If n > 1 and M is conformally flat, the Ricci curvature tensor completely determines 
the Riemannian curvature R. Thus we have 



R 



We recall that ® is the Kulkarni-Nomizu product defined by equation (13. Sp . Therefore, for 
the almost contact Ricci tensor we have 

Hence the almost contact scalar curvature is given by = 2n-i ~ 2Ric(C,C))- As a 
consequence, 

S _ ,ac _ ^) ^ _ 2^ 

Now using the Bochner type formulas (15.21) and (15.3(1 . we get the equation (15. 4p . 

For (i) and (ii). If n > 3 and (Tq is of type 64, then for any almost contact metric structure 
(T, we have 

11^/ \ii9 ^ / /.II* / \ii9 „ii* / MI'S . ^/ ..Nil* / , 

2 



2(n-l)/ U{a)f > / (4||e(i)(a)f -2||^(2)(a)f + 2(n-l)||^(4)( 
Jm Jm 



+(n - l)||e(5)(^)f + (n - 27;^) 11^(6) (^)f - 2^lie(7)(^)l 

+ 2^lle(8)(<T)f - (1 - 2;^)||e(9)(^)f + (1 - 2;^) 11^(10) (^)f 



> 



^q.,)=2(n-l) / ||e(4)M|P 



2(n-l) / lieMII 



2 
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where we have used the inequahties 

Umi'^)f + 2||^(ii)(a)f = i||2(Vr,^)(io) o (^.f + i ||(Vc.F.)(ii) f 

> ^l|2(Vr/,)(io)OV'a-(Vc,i^.)(n)f, 
2(n - l)||^(4)(c7)|p + i||^(i2)(a)f = ||e,j(Ve,F^)(4)f + ||(Vc.r?^)(i2) o if.f 

> II - eij(Ve,F^)(4) + {^(;^Va){12) ° V^af • 

Also note that ^(i){cr) only appears when n > 3. Therefore, the case n = 2 follows by a similar 
discussion. 

Finally, if ai is a almost contact metric structure which is an energy minimiser, then we 
have 

^q.,) < / (4||e(i)(ai)f -2||^(2)(ai)f + 2(n-l)||^(4)(ai)f + (n-l)||^(5)(^i)f 

J M 

+ (^ - 2^)lle(6)(^l)f - 2^lUi7){^l)\\' + 2;^ll^(8)(^l)f 
-(1 - 2K^im(9)i^l)f + (1 - 2^) 11^(10) (^l)f 

< 2(n-l)/ ||^(ai)f = ^q.,). 

From this, the inequalities are really equalities. As a consequence, we get 

= / (2(n~3)||^(i)(ai)f + 2n||C(2)(ai)f + 2(n-l)||C(3)(ai)f 
Jm 

+in - l)||e(5)(cxi)f + (n - 2 + ^)||C(6)(ai)f + (2(n - 1) + ^)||^(7)(ai)||2 
+(2(n - 1) - ^) 11^(8) (c7i)f + (2n - 1 - 

+(2n - 3 + ^) 11^(10^ (ai) IP + 2(n - 1) 11^(11) (<Ti)f + 2(n - 1) 11^(12) (<Ti)f) • 
Since for n > 1 and n ^ S, all the coefficients are positive, it is obtained 

= ?(2)(0-l) = ^(3)(c^l) = C(5)(0-l) = C(6)(t^l) = C(7)(0-l) 
= ^(8)(0-l) = C(9)(0"l) = C(10)(o-l) = = C(12)(c^l) = 0. 

Therefore, the structure ai is of type 64. The proof for n = 3 of the analogous assertion can 
be similarly done. 

For (iii). If (Jq is an almost contact metric structure of type 62, then for any almost contact 
metric structure a we have 

2/ ll^Wf > / (-4||C(i)(^)f + 2||^(2)(a)f-(n-l)||e(5)(a)||^-(n- 5^5^)11^^^^ 
Jm Jm ^ 

+ 2^Uir){<r)f - ^,Uis){cr)f + (1 - 5;^)llC(9) W||^ 
+ 2^^11^(10) + 2||^(ii) Wll^ + ||e(i2)(a)f 

-|l|2(Vr?<.)(io) o if, - (Vc„F)(n)f - || - eiXVe,Fa)(4) + (Vc„r?a)(i2) o <^<.f ) 

= -'-^C{:}=[ IIC(2)Mf=/ II^Mf. 

Jm Jm 
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If CTi is a almost contact metric structure which is an energy minimiser, then we have 
Jm 

I (-4||^(i)(ai)f + 2||^(2)(c7i)f - (n - l)||^(5)(<7i)f - (n - ^)\\^^,^{a,) 



IM 

> 



IM 

^M(i)i'^^)f - 2;iblle(8)(-i)lP + (1 - ^mi,){o,)f 



' 1- 

+ 5;^lie(io)(^i)lP + 2||^(n)(ai)f +||%2)(ai)|| 



2 



i||2(V77)(io) o - (VcF)(n)f - || - eij(Ve,F)(4) + (Vf?7)(i2) o ¥'11') 



2 

Hence the inequality is really an equality. Therefore, 

= / (6||C(i)(c7i)f + 2||e(3)(ai)f + 2||e(4)(ai)|p + (n + l)||C(5)(ai)f 

J M 

+(« + 2 - 2;^)IIC(6)(^i)ll' + (2 - ^)\\klM)f + (2 + 2;^^) 11^(8) (^l)f 
+ (1 + l^)\\k^){^^)f + (2 - 2^)IIC(10)(^l)lP + IIC(12)(^l)f 

+5 l|2(Vr7)(io) o - (Vci^)(n) f + || - j(Ve,F)(4) + ^cj]\v2) o vf) ■ 
Since for n > 1 all the coefHcients are again positive, it is obtained 

= ^(3)((^l) = C(4)(0-l) = ^{5){(^l) = C(6)(0-l) = ^(7)((^l) 
= ^(8)(<^l) = ^(9)(<^l) = C(10)(<^l) = ^(ll)(<^l) = C(12)((^l) = 0. 

Thus, we conclude that the structure ai is of type 62- □ 

Finally, we consider the situation for compact Einstein manifolds of dimension 2??, + 1. 

Theorem 5.5. Let (M, (•, •)) be a 2n + 1-dimensional compact Einstein manifold. If s is the 
scalar curvature, then every almost contact structure a compatible with {■, •) satisfies 

[ {{2n - l)||e(5)(^)f + lle(6)(^)f + Ui7){cr)f (5.5) 
Jm 

-||C(8)(c^)f -Ile(9)(c^)f + ll%0)(^)lP) = 2^Vol(M). 

Moreover: 

(i) For n = 1, if ctq is an almost contact structure compatible with {•, ■) of type 65 ® 
Cq (trans- S asakian) , then ctq is an energy minimiser such that its total bending is 
B{ao) = |Vol(M). Furthermore, in this situation any other energy minimiser is 
trans-Sasakian. 

(ii) For n > 1, if ctq is an almost contact structure compatible with (•, •) of type 65 (a- 
Kenmotsu, where 2na = — d*??^-^), then ctq is an energy minimiser such that its total 
bending is B{ao) = ^^|_^ Vol(M). Furthermore, in this situation any other energy 
minimiser is of type a-Kenmotsu with 2n /^^ = -^^^p—^Yo\{M). 

(iii) //(To is an almost contact structure compatible with (•,•) of type Sg © Cg, such that 
its total bending is B{ao) = — 2^'^;^ Vol(M). Furthermore, in this situation any other 
energy minimiser is of type Cs © 69. 
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Proof. Equation (15. Sh follows from the equation (|5.3p . The remaining assertions can be de- 
duced by using similar arguments as in the proof of Theorem 15. 4[ □ 

6. Examples 

Odd dimensional spheres. Let C""'"^ be the n + 1-dimensional complex space equipped the 
natural Kahler structure denoted by ((•,•), J). If we consider the sphere 5^""'"^(r) of radius 
r and centered at the origin and U is a unit normal vector field on 5^'^"'"^(r), then there is 
an a-Sasakian structure on 5^"'"'"^(r) fixing the restrictions of (■, •) and the tangent projection 
tano J to S'^"'~^^{r) as metric and (1, l)-tensor field, respectively, and C = JU as characteristic 
vector field. This example for r = 1 have been shown by Yano and Kon in [25]. In this 
situation 

a2 = ^, Ric=f|(.,.), Ric- = -^((.,.)-r?0r?). 

Hence 5'^""'"^(r) is ac-Einstein. Now, using Theorem 14.81 (i) (b), the ±^-Sasakian structure is 
a harmonic map. 

For n = 1, the -Sasakian structure is an energy minimiser by Theorem 15.51 The energy 
of this structure is |7rr(3r^ + 4). 

The product manifold 5^ x 5^. It is well known that 5^ can be endowed by an nearly 
Kahler structure by means of the round metric and the standard integrable G2-structure on 
[12, 13]. Now, we consider the product manifold x . Taking the product metric, the 
unit tangent vector C defined by the Maurer-Cartan form on and the (1, 1) tensor field ip 
defined by the almost complex structure on and ipC, = 0, we will obtain an almost contact 
metric structure o" on 5^ x 5^ of type Si. Since x is conformally flat, the structure a 
is an energy minimiser by Theorem 15.41 

The product manifold S^m+i xS^xS^. Hopf manifolds are diffeomorphic to S^m+i ^ 5I and 
admit a locally conformal Kahler structure (type W4 in Gray-Hervella's terms) with parallel 
Lee form 9 [20] (see [14] for the classification of almost Hermitian structures). In general, if we 
consider a 1-Sasakian manifold M of dimension 2n + 1, then the product manifold M x can 
be equipped with a locally conformal Kahler structure. Now, if one proceed as in the previous 
example, an almost contact metric structure a of type 64 can be defined on 52™,+! x S"^ x 5^. 
Since 5^™"^^ x S*^ x S*^ is conformally flat, the structure a is an energy minimiser by Theorem 
[531 

The hyperbolic space. Let (H^""*"^, (•, •)) be the (2n + l)-dimensional Poincare half-space, 
i.e. 

M2"+1 = {(xi, . . . , X2n+l) G M2"+1 | Xi > 0} 

and (•, •) is the Riemannian metric given by (•, •) = (cxi)~^ Yld=i^ i'^^i)^ i c > 0. It has constant 
curvature — c^. Moreover, H^""'"^ can be considered as the Lie group with the following product 

(Xi, . . . ,X2„+l) • (yi, . . . ,y2n-hl) = ixiyi,Xiy2 + X2,... ,Xiy2n+l + X2n+l)- 

So we have a solvable Lie group which is a semi-direct product of the multiplicative group Mq" 
and the additive group M?^ and (•, •) becomes into a left-invariant metric. In fact, the vector 
fields 

Xi = cxij^, i = l,...,2n + l, 
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form an orthonormal basis of left-invariant vector fields and the bracket satisfies = 
cXj, j = 2, . . . , 2n + 1, the other brackets being zero. Then the Levi Civita connection with 
respect to (•, •) is determined by 

Vx,Xi = cXi, Vx,Xi = -cXj, j = 2,...,2n + l, (6.1) 

being zero the remaining covariant derivatives with respect to this basis. 

Proposition 6.1. Any left-invariant almost contact structure {if,C,,rf) on H^""*"^ compatible 
with (•, •) with C = Xi is a harmonic structure of type 65 but it does not determine a harmonic 
map. 

Proof. Prom (|6.ip we obtain that this structure is of type 65 and so, it is harmonic by using 
Theorem 14.31 Moreover, because H^""*"^ has constant sectional curvature, it follows that it 
is ac-Einstein and s^'^ = — 2nc^. Hence, taking into account that d*r] = 2nc does not vanish. 
Theorem 14.81 (i) (a) implies that it does not determine a harmonic map. □ 

The generalised Heisenberg groups H(l,r). Now we consider some special classes of Lie 
groups which play an important role in geometry. Namely, the generalised Heisenberg groups 
H{l,r) introduced in [15] and the ones in the sense of Kaplan H{p, 1) [16]. The Lie group 
H{l,r) consists of matrices 

Ir A* 
1 C 
1 

where Ir denotes the identity matrix of type rxr, A = (ai, . . . , a^) G W, B = {bi, . . . ,br) G W 
and c G M. Moreover, H{l,r) is connected, simply connected, nilpotent, of dimension 2r + 1 
and its center is of dimension r. The following coordinates {x^,x'^~^^,z), 1 < i < r, provide a 
system of global coordinates on H{l,r) : 

x*(a) = Oj, x^^'^{a) = b-i, z{a) = c 

and a basis of left-invariant one-forms is given by a, = dx*, Ur+i = dx"^^"^ — x^dz, 7 = dz. For 
the dual left-invariant vector fields we then have 

Y d Y d 17 d_ I r^j _d_ 

— Q^i , ^r+i — g^r+i , ^ — dz ^ ^j = l dx-'+o ■ 

On H{l,r) we consider the Riemannian metric (•, •) for which these vector fields form an 
orthonormal basis. Then, the corresponding Levi Civita connection is determined by 

Vx,Xr+i = VXr+,Xi = -iZ, 

Vx,Z = -VzX, = lXr+^, (6.2) 

where the remaining covariant derivatives with respect to this basis vanish. For the nonvan- 
ishing components of the curvature tensor R we obtain 

1 

(6.3) 

Next, we consider left-invariant almost contact structures (fXiV) on H{l,r) compatible 
with (•, •) with C = Z and rj = -j. Denote by k,l = 1, . . . ,2r, the (constant) components 
of (p with respect to the basis {Xj^, Z}. Then, we have 



R{XiXj,Xr+i,Xr+j) — —J, i j, R{Xi,Xr+j,Xj,Xr+ij — 4, 
R{Xi,Z,Xi,Z) = — I, R{Xr+i, Z, Xr+i, Z) ~ ^ 
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Lemma 6.2. Any left-invariant almost contact metric structure C = -Z', 77 = 7, (•,•)) on 
H{1, r) is of type (Cg © Cg © Cn) - Cn. Moreover, it is of type 

(i) Cs © Cg if and only if ifi^^ = if''^'' and ifl'^l = ipj ; 

(ii) Cg if and only if <pl~^'' = Vj^* = ^'^'^ V^r+l ~ ■ Then, r must he even; 

(iii) Cg if and only if ip^'^^ = (^5^+* and ipl'^l = ip^ = 0, 
for all i,j G {1, . . . ,r}. 



Proof. Prom (|6.2|) . we get 

{Vx,^)Xk = -l^l+'Z, (Vx.+.^)^fc = -H^, 
where 1 < i < r and 1 < k < 2r. Also we obtain 

Then d*F{Z) = d*r] = and (Vz^) = if and only if ip'-^^ = ip^j^' and ipl^^j = ip^. Moreover, 
these last conditions imply 

(VxMXj = iVx,V)Xi = -{Vx^+MXr+j = -iVx^+,ip)Xr+, 

= -{V^xM^Xj = (y^x.+M'pXr+j = -^^pI^^Z; 

{Vx^Xr+j = -{VXr+,V)X^ = {V^xM'PXr+j = - {"^ <pXr+jf)^X^ = \iplZ. 

This proves the Lemma. □ 

Remark 6.3. The almost contact metric structure {ip,C, = Z,rj = 7, (•,•)) with (pXi = X^+i 
and tpXr+i = —Xi, i = 1, . . . , r, is of type Sg and so, it is almost cosymplectic but non- 
cosymplectic. Moreover, for r even and taking ipX2i^i = X2i and (pX2i = —X2i-i, it follows 
that {(pX = Z,r] = 7, (•, •)) is of type Sg. 

Proposition 6.4. Any harmonic left-invariant almost contact metric structure {(f, C, = Z,r] = 
7, (■, •)) on H{l,r) determines a harmonic map. 



Proof. Prom (|6.2|) . the intrinsic torsion ^ of (99, C = ry = 7, (•, •)) satisfies 

^XiZ = -^Xr+i, ^Xr+^Z = -\Xi, 

CXiXj = ^Xr+,Xr+j = 0, Cx,Xr+j = CXr+,Xj = 0, i / j. 

Then, for the one-form u defined in (12.41) . one obtains by using (16. 3p 

l^{Xi) = {^x,Xr+j,R{Xj,Xi)Xr+j) + {iXr+jXj,R{Xr+j,Xi)Xj) 



(6.4) 



+ {izXi,R{Z,Xi)Xi) = \{izXi,Z) = 0, 



v{Xr+i) — {CXjXr+j, R{Xj, Xr-\-i)Xr-\-j) -\- {^Xr+j Xj , R{Xr+j , Xi)Xj) 
+ {S,zXr+i, R{Z,Xr+i)Xr+i) = —\{S,zXr+i, Z) = 0, 

i^iZ) = {U,Xr+„ R{X,,Z)Xr+,) + i?(X,+„ Z)X,) = 0. 

Hence, is vanished and we have the result. □ 

Now, from Theorem 14.31 we can conclude 
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Corollary 6.5. Any left-invariant almost contact metric structure {(p,( = Z,rj = 7, (•,•)) on 
H{l,r) of type 63 © Cg determines a harmonic map. 

Using (16. 4|) . one directly obtains = and 

Hence, we have 

Proposition 6.6. On H{l,r) the following conditions are equivalent: 

(i) The left-invariant almost contact metric structure {ip^Q = Z,r] = 7, (•, •)) is harmonic; 

(ii) its intrinsic torsion ^ satisfies 

{izXi,Xj) = {^z^r+i, ^r+j), {^Z^i, ^r+j) = {CzXj,Xr+i); 

(iii) ELi{(^r' + + ^:Xt) + i^lX' - ^'M"-' - ^r+^)} = 0, 
for all ij e {1, . . . ,r}. 

Here ds^ = and, for X in the Lie algebra of H{l,r), we get 
[d* Ric-)(X) = ^ll, Ric-(Xfc, Vx,X) = ^ E[=i(Ric-(Xi, + Ric-(X,+i, X^)) 

Then, from Propositions 16.41 and 16.61 we have 

Corollary 6.7. Left-invariant almost contact metric structures ((/?, C = -Z^, ^/ = "y,{'^')) on 
H{l,r) such that ^p^'^'' = ±99^'*'*, ipj = zizip'^Xh for all i,j € {1, . . . ,r}, determine harmonic 
maps and d* Ric^^ = 0. 

Remark 6.8. On H{1, 2) we consider the following examples of left-invariant almost contact 
metric structures C = Z, r/ = 7, (■,•)) where 



(A) ipXi = 


^(X2+X4), 


LpX2 = 


^(-Xi + Xa), 


(^^3 = 


^(-X2+X4) 


ipX4 = 


-^(Xl+Xg), 










(B) ^Xi = 


^(X2+X4), 


ipX2 = 




p>X^ = 


^(^2-X4), 


ipXi = 












(C) pXi = 


^{X2+Xs), 


ipX2 = 


^(-Xi + X4), 


ipX3 = 


-^{Xi + Xi) 


ipXi = 


^{-X2 + X,). 











Then, the example (A) is of type 63 © Cg - (63 U Cg) and (B) and (C) are of type 63 © Cg © 
Cii — (63 U Cg U Sii). Moreover, using Propositions 16.41 and 16.61 these structures determine 
harmonic maps if and only if p>i{f^ — p>i) = {ff + p>2){p>i — p>2) = 0. Hence, it follows that the 
examples (A) and (B) determine harmonic maps and (C) is not a harmonic almost contact 
structure. 

The generalised Heisenberg groups H(p,l). The Lie group H{p, 1) consists of matrices 

/ 1 A c \ 
a=\ Ip , 

V 1 y 
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where Ip denotes the identity matrix of typepxp, A = {ai, . . . , Up) € M^, B = {bi, . . . ,bp) (^MP 
and c G R. Moreover, H{p, 1) is a connected, simply connected, nilpotent, of dimension 2p+l 
and its center is one-dimensionah A global system of coordinates (a;*, j;^'"'"*, z), 1 < i < on 
H{p, 1) is defined by 

a;*(a) = a^, x^^*(a) = hi, z{a) = c 

and a basis of left-invariant one-forms is given by ai = dx^, Op^i = dx^"'"*, 7 = — 
Sj=i x^dx'P'^K Therefore, for the dual left-invariant vector fields, we have 

y d Y d \ rr^IL 7 ^ 

On H{p, 1) we consider the Riemannian metric (■, •) for which these vector fields form an 
orthonormal basis. Then, the corresponding Levi Civita connection is determined by 

"^x.Xp+i = -Vxj,+,Xi = \Z, 

Vx^Z = VzX, = -\Xp+i, (6.5) 
Vxp+i^ = "^zXp+i = \Xi, 

where the remaining covariant derivatives with respect to this basis vanish. For the nonvan- 
ishing components of the curvature tensor i?, we obtain 

R{Xi, Xj , Xp+j, Xp+j) = J, i ^ j, R{Xi, Xp^i, Xi,Xp^i) 
R{Xi,Xp^i,Xj,Xp^j) = i, i^j, R{Xi,Xp^j,Xj,Xp-^-i) 
R{Xi,Z,Xi,Z) = — i, R{Xp^i, Z, Xp^i, Z) 

As on H{l,r), we consider left-invariant almost contact structures C)^) on H{p,l) 
compatible with (•, •) with C, = Z and = 7. Denote by k,l = 1, . . . ,2p, the (constant) 
components of f with respect to the basis {X^, Z}. Then, we have 

Lemma 6.9. Any left-invariant almost contact metric structure {ip,C, = Z,rj = 7, (•,•)) on 
H{p, 1) is of type (65 © 67 © Cn) - Cn. Moreover, it is of type 

(i) Ce © 67 if and only if ^p^'^-' = 93^^' and ip^'^j = ip^, for all i,j G {1, . . . ,p}; 

(ii) Ce if and only if(p^~^^ = A, with A = ±1, for all i G {I, . . . ,p}, being zero the remainder 
components of (p. Then, it is ±^-Sasakian; 

(iii) 67 if and only if = 0, (p > 2). 

Proof. Prom (|6.5I) . we obtain 

{Vx,v)Xu = yt'Z, iVx,+MXk = -H^, 
where 1 < i < p and 1 < A; < 2p, and 

(Vz^)x, = lEUi(^^'+^i+^)^^+Kll-^^^^p^^}^ 
(vz^)Xp+, = iE?=i{«i-^i)^.-K+.+'/^r^')^p+.}- 



_ 3 

~ 4' 

= h i^j, (6.6) 
_ _i 

4- 
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Then, d*F{Z) = ELi '^^'^ d*v = and (V^v?) = if and only if = 99^+* and 

^p+i ~ ■ Moreover, these last conditions imply 

(Vx^X, = iVx,v)Xi = (Vx.+MXp+j = {Vx,+,^)Xp+i 
= {V^x,^)^Xj = (V^x^^M^Xp+j = l^'^^Z; 

(yx,(p)Xp+j = {Vxp+,<^)Xi = {v^xM^Xp+j = {v^Xp+,(p)(pXi = -\^lz. 

This proves the Lemma. □ 

Prom (|6.5p . the intrinsic torsion ^ oi {ip,C, = Z^r] = 7, (•, •)) satisfies 

iXiZ = \Xp+i, ^Xp+iZ = -\Xi, , . 

ix^X, = ex,+,Xp+,=0, ix^Xp+j = ^Xp^,X,=0,i^j. ^''■'> 

Then, as in the case H{l,r), we obtain that the one-form ly defined in (|2.4p vanishes and we 
have 

Proposition 6.10. Any harmonic left-invariant almost contact metric structure {(p,C = 
Z,rj = ^, (•, •)) on H{p, 1) determines a harmonic map. 

Moreover, from Theorem 14.31 we can conclude 

Corollary 6.11. Any left-invariant almost contact metric structure {ip,C, = Z,rj = 7, (•, ■)) 
on H{p, 1) of type Cq © C7 determines a harmonic map. 
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